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Theory of Inhomogeneous Multicomponent Polymer Systems
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ABSTRACT: A new theory of inhomogeneous multicomponent systems is developed, starting from the functional
integral representation of the partition function. The theory can be used to determine the interfacial properties
and microdomain structures of a combination of homopolymers, block copolymers, monomers, and solvents.
For the case of no polymers present, our theory reduces to that of Cahn and Hilliard for small molecules.
In our approach, the general free energy functional is optimized by the saddle-function method, subject to
constraints of no volume change with mixing and constancy of the individual particle numbers, to obtain new
equations for the mean fields acting on the polymers. We are thus able to restrict density fluctuations in
the system, without introducing an “ad hoc” term involving a vanishing compressibility into the free energy.
In addition, by using the gradient expansion for the interaction energy, we demonstrate explicitly the absence
of all “kinetic” terms involving the (inverse) degree of polymerization from the mean-field equations, when
we choose to introduce the local, homogeneous Flory-Huggins free energy for reference. The mathematical
formalism is worked out in detail for the multicomponent homopolymer—solvent system, and it is shown how
to extend the theory to include block copolymers. Finally, in order to give a definite example, the variation
of the interfacial properties with molecular weight and interaction parameter is worked out numerically for
the simplest case of & homopolymer-solvent system. The numerical method is discussed in detail. Applications
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to more complicated systems will be given in the future.

1. Introduction

There has been a great deal of activity in practical and
theoretical studies of polymer blends recently.!® In this
paper we focus on phase separation phenomena in hom-
opolymer and copolymer mixtures, and we formulate a new
theoretical treatment of inhomogeneous multicomponent
polymer systems which includes the effects of small
molecules, such as monomers or solvents. Although a great
deal of theoretical work has been done on phase separa-
tion,*'2 small-molecule and homopolymer effects on in-
terfacial properties and microdomain formation in block
copolymers have received relatively little attention. In our
work we treat more complex problems such as the effect
of homopolymers, monomers, and solvents on the block
copolymer morphology.!3-16

In order to achieve this goal, we felt it was necessary to
develop a theory in which small molecules and macro-
molecules were treated equally in the basic formulation,
and we used the functional integral representation of the
partition function, as developed by Edwards,!” Freed,'®
Helfand,'® and others. Helfand’s work*” emphasized the
importance of severely restricting overall density fluctua-
tions in inhomogeneous polymer systems, and he accom-
plished this by adding an “ad hoc” term to the free energy,
which depends inversely on the small compressibility of
the system and directly on the square of the deviation from
the average density. In the limit of a vanishing com-
pressibility this term becomes indeterminate and has to
be treated in a special manner. Because the constant-
density constraint generates a great deal of mathematical
and numerical complexity,5?® we felt a new approach to
the problem was necessary.

In section 2 we introduce the functional integral tech-
nique and minimize the free energy functional by using
the saddle-function method, subject to the constraints of
no volume change locally upon mixing, with a constant
number of particles for all the components. This leads to
a new get of equations for the polymer mean fields, which
depend on unknown Lagrangian multipliers corresponding
to the constraints. The unknown quantities can be de-
termined for a given system from the constancy of the
chemical potential for the various components in the
different phases.

Since a hypothetical locally homogeneous Flory—Huggins
free energy is often introduced for reference, we consider
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this case and demonstrate explicitly the subtraction of the
so-called “kinetic terms”, which vary inversely as the de-
gree of polymerization, from the expression for the free
energy. In section 3 we use a gradient expansion for the
interaction energy, valid for a short-range potential, and
discuss the multicomponent homopolymer-solvent system
in detail. We obtain expressions for the total free energy
and the interfacial tension. The modifications necessary
to include copolymers are given in section 4, and in section
5 we calculate the binodal curves and exhibit interfacial
profiles and interfacial tensions for a single homo-
polymer-solvent mixture, as a function of molecular weight
and interaction parameter. This example is worked out
in detail, along with a description of numerical methods
(given in Appendix B), in order to demonstrate the ap-
plication of the new and unfamiliar mean-field equations
to a simple case. Section 6 contains the conclusions, and
in Appendix A we derive expressions for the interfacial
tension (for a one-dimensional system) which isolate the
nonlocal short-range contributions from the polymer chain
contributions and demonstrate the reduction of our theory
to that of Cahn and Hilliard®! when no polymers are
present.

2. Partition Function for Multicomponent
Homopolymer-Solvent Mixtures

_ We denote the number of polymer chains of type p by
N, = N,/Z,, where N, is the number of monomer units
and Z, is the degree otp polymerization. N, is the number
of solvent molecules of type s, and the index « will be used
to label either polymer or solvent molecules. Since Z, =
1, we have N, = N,.

In terms of a functional integral representation, the
partition function for the homopolymer—solvent mixture
is given by!"1®

ZKN‘ N, N,
(I;IN_J)I(I;IE deri)(gjljl 3rp()P[ry()De®”
2-1)

where Z, is the partition function due to the kinetic energy
and V is the intermolecular potential. The integral is over
all space curves r(-), which represent possible configura-
tions of the macromolecules. The probability density
functional for a given space curve is denoted by P[r(-)] and
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is assumed to be of standard Wiener form, i.e.

Pr,()] = exp[—% I %4t r"p2(t)] (2-2)
)

b, being the Kuhn statistical length of a single segment
of the polymer We write out the intermolecular potential
explicitly in terms of all the space curves, defining W =
BV and using kgT as the unit of energy
W = W({rsi}’{rpj(')}) = ]/22 Wss’(rsi - rs’i’) +

88’

i

) Pat Wiglrs - 1,0] +

% f dt f At W,plrs;(t) - 1,(t)] (2-3)
J]

In terms of microscopic particle densities

By oz
Bolx) = Bo(HslenCI) = X fo dt o[r - ru(®)] (2-4)

N,
bs(r) = i’a(r;{rsi}) = :;la(r - rsi) (2'5)

the potential can be conveniently written in a compact
form

=UE fdr far b 0Watr - o) @6)
and introducing the § function, we get
e = {op,ONMolo ) - 5.01e™  (27)

where
W= W(p ()} =

e fdor f&r Wit - )pdr) (2-8)

Using the integral representation of the ¢ function
o[ ) - b)) =

W [ b0) expl f dtr w0)(o,00) - 2061} 29)
where the limits of integration of w, are —i® to +i= and

N is a normalization constant, the expression for the
partition function finally becomes

zx
Z= (I—KIN_KY)N‘J‘[I;IBPK(.)awK(')] X

a5 explT & w00.06) - W] (210
and it is this integral which we wish to evaluate by the
saddle-function method.?®

The quantities @, are given by

Q, = j‘d:sr gos(® (2-11)
= for)PIre)] expf-fozpd‘ s [x(0)
= fdar fdaro Qp(r’Zper)
(2-12)

and the function @,(r,tjry), which can be interpreted as
a (unnormalized) cﬁstrlbutlon function for a chain of ¢
repeat units to start at r, and end at r, can be shown to
satisfy the modified diffusion equation19
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q b 2
- = % v2Q, - w,Q, (2-13)
with
Q,(r,0rg) = o(r — o) (2-14)

Sometimes it is convenient to work with the integral of @,
over all starting positions r,

gplrt) = f dry @ (r,tIro) (2-15)
and in this case
2

% = ?g— Vg, — wpl, (2-16)

with
gp(r,0) =1 (2-17)

and
= [dr g,2) (2-18)

Returning to the partition function, eq 2-10, we use
Stirling’s approximation for large N, and write

Z = N § [p,)é0,0)] expt-F (o, )

where the free energy functional is given by

Fo M) = Wio O - T [ & w,x)p,(r) +

f i 240 {m ( Zg z ) } (2-20)

Using the saddle-function method, we obtain the free
energy, given by the minimization of the functional, eq
2-20, with respect to p, and w,, subject to the constraints
of no volume change locally upon mixing

(2-19)

Ylpdr)/pod =1 (2-21)
and a constant number of particles
S dor o0 = (2-22)

Here p,, is the density of pure material in monomer seg-
ments per unit volume. The minimization yields equations
for the equilibrium density and the mean fields acting on
the polymers. Denoting the Lagrangian multipliers, cor-
responding to the constraints eq 2-21 and 2-22 by #(r) and
A, respectively, we write the variational equations as

oW n(r)
W - w,(r) + o -A=0 (2-23)
and
. 04,
px(r) @ Sw (r) (2'24)
Equation 2-24 gives immediately
N,
ps(r) = ae““"') (2-25)

and

NP ZF
P = 75 St qrgprZ, - 1) (2-26)

As we will see later, eq 2-23 expresses the constancy of the
chemical potential. Once the unknown quantities »(r) and
A, are determined, eq 2-23 can be used to obtain an ex-
pression for the mean-field w,, which occurs in the equation
of motion for g,
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It may be noted that if w(r), n(r), and A, satisfy eq 2-23,
so do w,(r) + a,, n(r) + ¢ and A, + ¢/py, — a,, where ¢ and
a, are constants. In this paper, we choose a, so that @,,
given by eq 2-11 and 2-12, satisfies the relation @, = N,/pq,.

The above analysis differs from that of Helfand!? in
several ways. First, we have derived a general form for the
free energy density, starting from the partition function
and the general form of the intermolecular potential.
Second, we have applied the saddle-function method to
the functional integral, eq 2-19, with the constraint of no
volume change upon mixing, giving rise to new expressions
for the mean field. This constraint is automatically built
into our theory and does not have to be added separately
to the free energy in terms of a vanishing compressibility,
as in previous work.*"20

We end this section by showing how the general free
energy expression, eq 2-20, reduces to the Flory—Huggins
form for a uniform system. For this purpose it is con-
venient to introduce the symmetric form of the potential
energy, which vanishes for interactions between like
molecules

1
U“J(r) = Wu((r) - Q—(Wxx(r)pOKz + W(x'(r)POx'Z)
PoxPox

(2-27)
8o that eq 2-8 becomes
W=
%ZWKKPOWK + I/ZZfdar j‘d(ir/ px(r)UKx'(r - r/)p((rl)
I3 74
(2-28)
where
Wxx = fdsr Wm((r) (2'29)

For a uniform system, p, and w, are constant, and from
eq 2-16 and 2-26 we find

qy(t) = e (2-30)

P = pOxe_w‘Z‘ (2'31)

Using these relations, valid only for a uniform system,
in eq 2-20, we find
F = vfy (2-32)

where v is the volume and the homogeneous free energy
density is given by

fo=
HZWapod + LU epo0 + Z&[ln( & )‘ 1]
PR w < Z, ZZ,
(2-33)
where in the above expression
Ue = fd¥ Uy (2-34)

Equation 2-33 can be rewritten in standard Flory-Huggins
form?? by noting that the chemical potential of the pure
material is

1 1 Pox
HRox = 5 xxP0x + Z[ In (Z,‘Z‘) -1 ] (2'35)

so that eq 2-33 becomes

1 Px Px
fh = ZPKMOK + —ZUxx'ppr/ + Z_ ln -
X 2(/ K Zx

Pox

(2-36)

Taking into account variation of the volume with par-
ticle number, the chemical potential of the uniform system
is given by
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e = th/Dpx
_0fn 1 fn
"ot rm(fh e @) &0

Making use of eq 2-36, we obtain finally

MKy = Moy + ZUxx’pA/ + l[ln (ﬁk_) + 1] -
I'4 Zx Pox

111 Py
—| =2U,~ D 2-38
o 25{ PPy ; Z (2-38)

In the following sections we will often write the free
energy density of the inhomogeneous system in terms of
a “local” homogeneous free energy density of the Flory-
Huggins form, eq 2-36. It should be borne in mind, how-
ever, that this procedure is arbitrary and does not imply
the validity of the relations eq 2-30 and 2-31 in general.
3. Gradient Expansion

For a short-range potential, we may carry out a gradient
expansion of eq 2-28

W = %X WpoN, + 1/22'( Ux/fdsf' pr)p (r) -
haZVow J & F0,00F0,0) + ... 3-1)

where W, and U, are given by eq 2-29 and 2-34 and
Ve = f & r2U,.(r) (3-2)

In terms of the local homogeneous free energy density,
eq 2-33, W is given by

W= fd3r {fh -

X X 1 N N
?2—[ In (ﬁ’) - 1] - EE Vi Vo (r)-Vp(r)( (3-3)

Ls

and the appearance of the In term in this expression is the
result of having to subtract the corresponding term in f;,.

Making use of eq 3-3, we rewrite the variational eq 2-23
in the form

D ;
j—lln( £ )+12VK,,V2p,—wK+

Do, Z, zZZ, 6
€0\ 20 @4
Pox
where
§(x) = n(x) - (fa — 2o, 9fn/9p)) (3-5)

and we have used the definition of the operator D/Dp,,
given by eq 2-37. In the bulk homogeneous phase, the
mean field is a constant and according to eq 2-31

1 Pl
b _ 2 O )
@, Z In (Pox) (3-6)

and the chemical potential is given by
(Dfu/DpJs = (8-7)
so that in the bulk eq 3-4 becomes
wd+ = In (Z‘Z‘) £ =0 9
Z, Pox Po
Note that there is no ambiguity in which of the bulk ho-
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mogeneous phases one takes, since the chemical potential
Dfy/Dp, must have the same value in all such phases.

Solving this equation for A, and substituting back in eq
3-4, we get

Dfn [wx(r) +4n (p—(rl)] LU

Dpx(r) - Zx Pox Pox

1
f_szlvn’ Vip,(r) = p0 (3-9)

The left-hand side of this equation can be identified as
the expression for the chemical potential of the component
& in an inhomogeneous system so that eq 3-9 simply relates
the fact that the chemical potential must be spatially
constant. In the following, it is convenient to define

Au, = Dfy/Dp, - u, = DAf/Dp, (8-10)
where

Af = fu— T (3-11)
Note that both Ay, and Af vanish in the bulk phases.

The other unknown Lagrangian multiplier in eq 3-9 can
be determined by making use of eq 2-25, valid in general
for an inhomogeneous system

() - ¢ AL 1
=—=- Ay, - 22V, Vi, (3-12)
Pos Pos 6

and from eq 3-9 and 3-12 we obtain the desired equation
for the polymer mean field

1 Pp
= A - — _ —
wp Kp Z, In (POp)

Pos 1 1
-—O—(Aﬂs + ézvs( VZ[)() + —G'ZVp:{ Vzp( (3'13)
's «

Pop

We note that V.. = 0 from the definitions given by eq 2-27
and 3-2, and we remark that all 1/Z, “kinetic terms”
cancel out of the final result for the mean field, as dem-
onstrated explicitly in the hompolymer—solvent example
discussed in section 5. The appearance of these terms in
our expressions is due to the fact that we preferred to write
the free energy density in terms of the Flory-Huggins form
for convenience, as mentioned earlier. Although the
equation for w, does not contain 1/Z, terms, the equation
of motion for g,, still depends on Z, through the variable
t, as well as through the expression for p,, eq 2-26. In
addition, the boundary conditions depend on Z, and
thereby influence the solution for the interfacial density
profiles.

From eq 2-20 and 3-3 we obtain for the free energy

s7=fd3r{fh—

1 Py 1 = =
gp,‘[w,‘ + Z In (Pox)] - Ef‘; Vi Vp,‘-Vp,(} (3-14)
Making use of the relation
pr th/Dpx = fh

as well as eq 3-12, eq 3-9 gives

1 Px
2ol =fo- pr[ wet o In (—-)] +
X X X Pox

1 1
EZ/ Vb Vi = pOs(Aﬂs + 52, Ve V"’pg) (3-16)

(3-15)
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and eq 3-14 for the free energy becomes

F=2uN, +v4 (3-17)
where v is the interfacial tension, A is the interfacial area,
and

1 . o
YA = fdsr {EEV«VpK-Vp( + pOSAu,} (3-18)

In deriving eq 3-18 we have used the fact that the mo-
lecular densities are constant in the asymptotic bulk
phases. Equations 3-13, for the mean field, and 3-18, for
the interfacial tension, are the main results of this section.

4. Extension to Block Copolymers

Suppose in the multicomponent system the pair of
polymers designated by A and B are linked to form a block
copolymer AB. Then in writing down the partition
function eq 2-1, we must replace N,!Np! by N,g!, where
Nug = N,/Z, = Ng/Zg. Also, in writing down the free
energy functional from eq 2-10, we must change @Q,@Qg to
Q B, Where

Qs = fffdsr d®ry d3r’ Qa(r,ZAlro) Qp(r’,Z5|ro)
4-D

and @, and Qg satisfy the same diffusion eq 2-13 as be-
fore.l? In deriving eq 4-1, we have simply used the fact
that the two homopolymers are connected to form the
block copolymer. The free energy functional eq 2-20 now
becomes

8

W - Zx‘,fd3r w (r)p,(r) + ZS:N’[ In (Z,@g B

YN | In No “1|+ N ln( Nis )—1
p ° Z,Q, AB Z,pQun

(4-2)

1+

where the subscript p refers only to homopolymers, while
« refers to all solvents, homopolymers, and A or B com-
ponents of block copolymers. The kinetic contribution to
the partition function is Z,5 = Z,Zp, and the interaction
energy W is given as before by eq 3-3. All other equations
are the same as for homopolymers, with the exception of
eq 2-26, which for block copolymers is replaced by

. o0lna@
pa(r) = -Nyap 5—%(—32 =

Nus p2a
Qoo At ante) f ' Qu(r.Zy - tiryas(roZe) (4-3)

with a similar equation for pg(r). In what follows we will
neglect the homopolymer contribution to the free energy
functional, eq 4-2, since this has been discussed in detail
in the earlier sections.

Using the gradient expansion, as well as the saddle-
function method, we write the free energy of the block
copolymers alone in the same form as in the previous
section

1 Px
F = fd3r {fh— K=§Bp,‘[w,‘ + 7 ln Z] -

o o _ N,
Loy &%t + Mgl in{ 228 )4+ 1| (49
12 Qun

where we have used eq 2-25 for the solvent mean field. The
chemical potentials for the pure A and B components in
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the definition of f, by eq 2-36 do not have any physical
significance in the present context, since A and B are
linked to form a copolymer and they just contribute ad-
ditive terms in the final expression for the free energy.

Unlike the case of homopolymers, for block copolymers
we cannot write the free energy with respect to the bulk
macroscopic phases, as in eq 3-17, because the block co-
polymer system forms a periodic microdomain structure
and macroscopic regions, where the density of the indi-
vidual components is constant, do not exist. Here we
choose for reference a hypothetical uniform or “molten”
state in which the density is

Pu = ¢0xp0x (4'5)

and ¢, is the overall macroscopic volume fraction of
component «. First we determine the Lagrangian multi-
pliers A, and {(r), which occur in the variational eq 3-4,
with respect to quantities in the uniform state. From eq
3-4, choosing w, g to be zero in this state, we get

Dfy Dfy PA Af(r)
m_(m)u_[ +ZAln(puA)]+ Poa *

ézvhvzp, =0 (4-6)

where A{(r) = {(r) - {,, with a similar equation for the B
component of the copolymer. As in eq 3-12, the quantity
A{(r) can be determined from the solvent relation

A D D
= ( fh) =i %ZVM Vi, 47

Pos Dp, Dp,

and the derivative for the uniform state can be calculated
by using eq 4-5. Combining eq 4-6 and 4-7, we obtain the
relation

S tfh—(flou— > px[m ln("‘)] +
x=AB Zx Pux

1 -~ =
Af(r) - 5Z,V“/ VoeVoel =0 (4-8)

where we have made use of eq 2-21 and 3-15. With this
result the free energy can be expressed as

F =

Q
Fut fd3r [1/1zZV,‘/VPK Vpe = AL(r)] - Nsg In ( :B)
(4-9)
Here v is the volume,

o(fe), - le (”“‘)+NAB[1n(NU )+1]
(4-10)

and we have used the fact that in the uniform state A{(r)
and w, g vanish, so that @, = v.

Our goal at this point has changed from that of the
earlier sections. We can no longer unambiguously define
an interfacial tension (except perhaps for very narrow
interfaces) and we are now interested in the absolute
minimum of AF = F — F, for different periodic microdo-
main structures with different sizes of the unit cell. In the
process of carrying out these calculations, we will still
obtain the interfacial density profiles, but we must be
guided by experiment as to which structures to choose for
a given system. However, there is no guarantee that under
certain conditions a disordered microdomain structure
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would not give a lower free energy than the ordered mi-
crodomain structure.
For a periodic structure we require

pr + R,) = p(r)
wp(r + Ry) = wpy(r)
Qp(r + Rn,tIrO + Rn.) = Qp(rater)

where R, is some lattice vector. It is convenient to define
a quantity

Qp(rtlro)

(4-11)

= ZQp(r + R,,,tiry) (4-12)
which satisfies the same diffusion equation (eq 2-13) as Q,,
with the initial condition

@p(r,0ry) = Zé(r -r,-R) (4-13)

It is sufficient to solve for Qp in a unit cell (volume Q)
since Qp(r + R, trg) = Q,(x,t|ry), and we may express all
quantities of interest in terms of Qp, i.e.

aplrt) = f dro Qyr.tir) (4-14)

pZA\;r) =

Za
ﬁj; dt ga(r,Z, - t) j;d”r’ Qu(r,tIr)ga(r',Zs) (4-15)
and

v
Qus = ¢ [ a7 au(rZias(rZy)  (4-16)

The numerical evaluation of these equations for block
copolymer microstructures in the presence of solvents and
homopolymers will be presented in future publications.

5. Applications to Homopolymer-Solvent System

As an illustration of the earlier formulation, we discuss
the calculation of the density profiles and asymptotic
densities for a homopolymer-solvent mixture. The cor-
responding case for infinite molecular weight has been
given earlier by Helfand and Sapse.> For convenience we
change the degree of polymerization variable in eq 2-16
for the distribution function so that ¢ lies in the range 0-1
(ie., t — Zt). With b, as the unit of length, eq 2-16 be-
comes

1 9q(x,t) _ 1 d%qx.t)
Z ot 6 9x2
We also choose to work with volume fractions
B = P/ Pox (5-2)

which are equal to the reduced densities if there is no
volume change upon mixing. In terms of these quantities,
eq 2-26 for the polymer density becomes

- wp(x)q(x,t) (6-1)

1
eo(x) = f dt qlxtg(xl - ¢) (5-3)
and
¢s(x) = 1 - ¢p(x) (5-4)
The boundary conditions for eq 5-1 are
q(x=,t) = exp[-tZwy(£)] (5-5)
and according to eq 2-17
q(x,0) =1 (5-6)

Making use of eq 2-31, we can express eq 5-5 as
g(x=,t) = exp[t In ¢p(£=)] (5-7
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The Flory-Huggins form for the free energy density of
the homopolymer—solvent system gives, from eq 3-11, with
kgT as the unit of energy

Af = pp(p'Op -

1o?) + polios = 1s) +
Pop @

Do\ X0p8s + & In 6, + — - In ¢,,) (5-8)
Pos

where x = Uppq, is the usual Flory-Huggins parameter.?
Using the fact tﬁat Af = 0 in the asymptotic phases, we
find from eq 5-8

App = Fy(x) = Fp(F) (5-9)
where
Fp(x) =
g:-:[ xs2(x) + ;T?‘: In ¢,(x) + (1 - %)%(x) ]
(5-10)
Similarly to eq 5-9, we obtain
Au, = F(x) - Fy(x) (5-11)

where

Fy(x) = x¢,%(x) + In ¢,(x) + (1 - Zpoz )cbp(x) (5-12)

The asymptotic volume fractions ¢,(£«) [or ¢,(£=)] are
obtained from the relations

Fy(») = Fy(-=)
Fy(») = Fy(-») (5-13)
and the result for the polymer mean field, eq 3-13, becomes

o) = [ o) - By - 2 1n 0,00 | -

(F,(x) - Fy(£=)] - 3xe%6,"(2) (514

The range of interaction of the parameter ¢ is assumed
to be of the order of b, (a few angstroms).

At this point it is 1nterest1ng to compare our theory with
that of Helfand and Sapse.’ In the limit of vanishing
compressibility and for a homogeneous system, the free
energy densities in both theories reduce to the Flory-
Huggins form. However, the chemical potential is dif-
ferent. In Helfand’s work the chemical potential in the
limit of vanishing compressibility ¢ is given by®

HHelfand = MFlory-Huggins + y(r) (5-15)
where
¥(r) = lim = (Zp‘(r) 1) (5-16)
« Pox

is an undetermined function. Now the condition of a
constant chemical potential requires

prn(®) + ¥(®) = ppy(-=) + Y(-=) (5-17)

Next Helfand chooses /() = /(—=), so that his chemical
potential in the asymptotic phases reduces to the Flory-
Huggins form (aside from an additive constant). This
allows him to determine y(r) and to solve for the asymp-
totic densities.

In our theory no undetermined function occurs, and our
chemical potential automatically reduces to the Flory-
Huggins form in the bulk phases. In addition, the deri-
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Figure 1. Bulk concentration values of polymer in the poly-
mer-rich and solvent-rich phases for a homopolymer—solvent
system as a function of the (inverse) degree of polymerization Z.
The binodal curves shown are for different values of x, and the
dotted line is the locus of critical points, where the interface
broadens and the interfacial tension falls to zero (Figure 4). As
is well-known, for x < !/, a two-phase region does not form for
any value of Z.

vation of the polymer mean-field equations for finite
molecular weight is straightforward in our formalism.

The corresponding expression for the surface tension,
eq 3-18, becomes

® 2
v=f {Fs(") - Fy(&) - 5(;1-[%’(9:)]2 (5-18)

where the interfacial area A cancels on both sides of this
equation because of the one-dimensional nature of the
integral.

The numerical method of solving the above equation is
presented in Appendix B. We now proceed to a discussion
of the results for a homopolymer—solvent system, shown
in Figures 1-4 for a range of molecular weights and in-
teraction parameters.

In Figure 1 we show the results of the calculation of the
binodal curves for the homopolymer—solvent system, as-
suming po, = po,. These curves are obtained from the
numerical solution of eq 5-13, which state that the chemical
potential of any component must be the same in both
phases. Instead of varying the temperature T, as in
standard phase diagrams, we have calculated the binodals
for different values of x, at fixed T, as a function of the
(inverse) molecular weight Z. The binodals are asym-
metrical and the phase diagram is skewed because the size
ratio of the polymer molecules to solvent molecules,
Zpys/ pop, 18 greatly different from unity. The spinodal
curves (not shown) are obtained from eq 5-8, using eq 5-4

oaf BN O o
A2 6¢>P2 d¢, 0,
which may be solved analytically for different values of
x and Z. The point of tangency of the binodal and spi-
nodal curves is the critical point, which is determined by

the vanishing of both the first and second derivatives of
the chemical potential, giving?

(8p)e = (0op/ Zpe)'?/ (1 + (pop/Zpos)'/?]  (5-20)

The locus of critical points is shown by the dotted line
in Figure 1, for p, = po,. The associated crltlcal value of
X, below whlch no phase separation occurs, is?

Xe = Yol + (p0p/ Zpos)*'?]

=0 (5-19)

(5-21)
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Figure 2. Interfacial concentration profiles for a polymer with
degree of polymerization Z = 200 and a solvent for varying values
of x. The solvent concentration profiles are obtained from ¢,
+ ¢, = 1, and the distance from the interface is measured in units
of the Kuhn length 5.
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Figure 3. Interfacial concentration profiles for polymers with
varying degrees of polymerization and a solvent for x = 1.0. The
solvent concentration profiles are obtained from ¢, + ¢, = 1, and
the distance from the interface is measured in units of the Kuhn
length b, = b.
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Figure 4. Interfacial tension v as a function of the degree of
polymerization for a polymer—solvent system with different values
of the interaction parameter x. The vertical scale is in reduced
units, and typicall?; pobkpT ~ 15 dyn/cm, using b = 6 &, pg, =
pos = 0.01 mol/cm?® with T = 298 K.

with the limiting value of 0.5 for Z — «, as shown in Figure
1. Qualitatively the curves in Figure 1 can be easily un-
derstood by noting that for a decrease in molecular weight,
a larger x is required to obtain similar concentrations of
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polymer in the bulk phases. This means that for smaller
molecules, the increased entropy loss upon demixing must
be offset by a gain in the enthalpy for phase separation
to occur.

The remaining diagrams, Figures 24, refer to the
properties of the interface itself. Before discussing these
figures, we comment on the validity of our microscopic
calculations, noting that they are based on the mean-field
approximation used in section 2. The simplest estimate
of the validity of mean-field theory is due to de Gennes.?
He considers a polymer chain of volume R, ~ b,37%% and
defines a parameter P which is equal to the average num-
ber of other chains occupying this volume

P o~ (f’O}.?/Z)d’p-Rp3

where po,/Z is the number of chains per unit volume.
Since pgp, = b,73, eq 5-22 becomes

P ~ ¢,/

(5-22)

(5-23)

If P > 1, fluctuations in the average mean field are
unimportant. On the other hand, if P is of order unity,
fluctuation effects are large and the mean-field approxi-
mation breaks down. For the theoretical curves shown in
Figures 2—4, eq 5-23 can easily be applied to determine the
importance of fluctuations on a given density profile in
order to see where our mean-field description (without
fluctuations) becomes invalid.

Figure 2 shows the interfacial concentration profiles for
a polymer (Z = 200) and a solvent for different values of
the interaction parameter x. Since we are working with
volume fractions, we have ¢, + ¢, = 1, so that the con-
centration of solvent can be read from the top down in this
figure. As usual, the distance from the interface is mea-
sured in units of the Kuhn length b. According to the
binodal curves shown in Figure 1, for fixed Z and de-
creasing x the bulk polymer concentration decreases and
approaches the critical value, given by eq 5-20. Figure 2
shows the broadening of the interface as x approaches x.,
given by eq 5-21. The corresponding values of the inter-
facial tension for fixed Z and varying x are shown in Figure
4. Figure 3 shows the broadening of the interface with
decreasing molecular weight for a fixed value of x. This
corresponds to a trajectory along the single binodal shown
in Figure 1, as well as a path along one of the curves shown
in Figure 4.

In general, it appears that the interfacial profiles are
rather narrow, with most of the variation in density taking
place within a few b spacings. Detailed comparison of the
homopolymer-solvent calculations with experiment is
difficult, however., Although the interfacial thickness of
microdomains in block copolymers has been studied in
detail,?®% less microscopic investigation has been carried
out on the kinematics of phase separation in incompatible
homopolymer blends. The difficulty here is that successful
application of the small-angle X-ray scattering technique
to the determination of interfacial widths requires that
phase separation take place by nucleation and growth
throughout the system. If the phase separation is allowed
to proceed to completion, however, a macroscopic phase
boundary results, and the interfacial profile has to be
measured by some other technique.” In some cases de-
mixing can also occur by spinodal decomposition,” but our
theoretical calculations do not apply directly to this phe-
nomenon. We hope that future experimental work on
incompatible polymer-solvent systems using X-ray scat-
tering will allow the calculations presented in this section
to be tested.



734 Hong and Noolandi

6. Conclusions

We have derived new mean-field equations for an in-
homogeneous multicomponent mixture of block co-
polymers, homopolymers, monomers, and solvents, in-
cluding nonlocal or gradient terms to lowest order. The
corresponding results for the free energy and the interfacial
tension (where applicable) are also given. For the homo-
polymer-solvent mixture, the reference state is taken to
be the homogeneous bulk phase away from the interface.
For a block copolymer—solvent system, a hypothetical
uniform state, in-which the different components have a
constant density, is chosen for reference. The homo-
polymer—solvent system is worked out in detail numerically
for a range of molecular weights and interaction parame-
ters. Unfortunately, there are little experimental data
available for comparison with this simple case. Future
work will deal with more complicated cases, such as the
effect of solvents, monomers, and homopolymers on block
copolymer microdomain morphology. The mean-field
approach has proved quite successful for a description of
the microdomain formation in “pure” block copolymers.®7
It will be interesting to see whether this success will be
maintained by a good quantitative description of more
complicated systems.
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Appendix A

We derive some alternate expressions for the interfacial
tension of a homopolymer-solvent mixture, valid for a
one-dimensional system, which distinguish between the
macromolecular and nonlocal energy contributions to this
quantity. We define a “conjugate” distribution function
by

qpf(x,t) = Qp(x:Zp - t) (A'l)

and change the degree of polymerization variable from ¢
to Z,t. Equation 2-26 for the polymer density is then given
by

1
Pp = pOpJ; dt quPT (A'2)

and the equations of motion because

Z, ot = a2 e (A-3)
t 2 52, t
zi,, a—g} - % % - wpgy! (A-4)
with
2p(x,0) = gp'(x,1) = 1 (A-5)
Differentiating eq 3-9 and multiplying by p, gives

DAf d%p,
o B b 2

dw, 1 dpp daf
g(pp-d7+z—pa-x—)+‘———0 (A-6)

dx

Macromolecules

Integrating this expression and using the relation
dwp dq, 9q,
Pr Gz POpd qu(x1)+fd _(EW_

8%q,"
dp W (A-T)

derived using eq A-2 to A-5, gives

d®p¢  dp, dpe Pp
ZV‘“(Z”* e & dx ) 57T
dq, g,
ZPoP qu(x1)+fd o\ % o
é%q,!
=0 (A-8
% 52 (A-8)

where the constant of integration can be shown to vanish
by noting that A{ vanishes for |x| — « and using eq 2-31
for a homogeneous system. Integrating eq A-8 once more
gives

—fdx Ag‘ =

Zpo" 3 fdx f dt % _aqu - n’fdx de, dp‘/

(A 9)
and using this result, eq 3-18 for the interfacial tension can
be written

dpx dp/
Y= fdx(m, Vo de @ Y

p g, aqp dp, dp,
%:pop?fdxfd — = ZVK,(fdx————
(A-10)

which shows that in the absence of polymers, the interfacial
tension for a mixture of small-molecule liquids arises from

the nonlocal term alone, a result noted by earlier au-
thors. 2128

Another expression for the interfacial tension can be
derived starting from eq 3-9 and making use of eq 2-21

dp. ) DAf d%,
?dx{Dpx eZVe aa |

dp, 1 Pp
%‘E[wp'f'zln(g; =0 (A-11)

Integrating eq A-11 and using the relation

do, d)1 1 bp? dg, dq,'
o g = Pe g ) D+ fodt | 5 g 5t

1 9g
Z—},Qp ot ) (A'12)

derived using eq A-2 to A-5, gives
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dp, dp,
Af + ZV:«’ a d

1 b2 3q, 9q,} ag,!
flar IR PR B )
0 6 dox ox Z,77 ot

Z&[ln (p—") - 1] =0 (A-13)
P2y Pop

where the constant of integration vanishes because Af
vanishes for Jx| — «, and in the homogeneous phase we
have

1
%pOp Z_p‘Ip(xyl) +

qp(x,t) = (pp/p()p)t (A-14)

according to eq 2-30 and 2-31. Integrating eq A-13 again
gives

by? dq, 9q,' dpx dP./
%pw?f o fa a-a;'mZV«f =5

74

6qpT
fdx pp In + popf dt g, — o

(A-15)
and noting the result eq A-10, we obtain
v=2 fdx Af—Zlfdx pp In L2 +
5 Z, Pop
1 aq,t
oop f, 4t 05— | { (A-16)

In the special case where the polymers have infinite
molecular weights (Z, = =), this equation reduces to

y = 2fdx AF (A-17)

a result which was obtained by Helfand and Sapse* and
used in our previous work.?

Appendix B
In this appendix, we give a brief description of our nu-
merical method. First, we discretize the variables x and ¢
x=(0{-NAx i=0,..2N

t=jAt j=0,., M (B-1)
where At = 1/M, and we write g(x,t) as q(i,j). Typically
N = 100, and the choice of Ax depends on the interfacial
thickness. In our work M was chosen in the range 100~200.
The discrete version of the modified diffusion equation is
obtained by using the Crank-Nicholson scheme®

1 q@)) - qGj-1) _

A At
1] qG+ 17) + q@ - 1,j) - 2q(i,)) N
12 (Ax)?
g+ 1j-1)+qG-15-1)-2¢9Gy - 1) N
(Ax)*

S0lg) + a6 - D] B2
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which has the following tridiagonal form in i
Aq(i + 1) + Bq(J) + Aq(i - 1)) = D, (B-3)
with the given boundary values
q(0y) = exp[t In ¢p(-=)]
q(2N,j) = exp[t In ¢p(=)] (B-4)

In eq B-3 D;;, involves only w(i), gi + 1,j — 1), ¢(i,j -
1), and q( - 1,/ - 1).

We begin with a guess for ¢,(x) which interpolates be-
tween ¢ (=) and we use eq 5-14 to obtain an initial guess
for w(z) This, together with ¢q(i,j ~ 1) (0 = 0, ..., 2N),
determines the coefficients B and D in eq B-3. The tri-
diagonal difference eq 5-18 is then easily solved, with the
help of the boundary conditions, eq B-4, to yield ¢(i,j) (i
=0, ..., 2N). Thus, starting from the initial condition ¢(i,0)
=1(@=0,.., 2N), we obtain ¢(i,j) and so on.

From this set of q(i,j), we obtain the new density proﬁle
¢,"(x), using eq 5-3 and the trapezoidal rule. w, (i) is
then obtained by using ¢,%(x) and eq 5-14. For each guess
wp(i), we thus compute from the equations its “image”
wo(l’(i). We then repeat the interation with the new guess

@,"(0) = wp(i) + Mawp,P0) - w,(0)] (B-5)

where A is some relaxation parameter. The iteration is
continued until the self-consistency condition

I(])flalzi lwp(@) = wpP@)| < € (B-6)
is achieved. Typically we used ¢ ~ 10%-1077 in our cal-
culations.

To improve the convergence, we apply a modified secant
method® after a few iterations, briefly described below.
Let wy(i), wy(D), ..., wr(i) be a series of successive guesses,
and w,V@), ..., w V(i) their corresponding “images”. To
improve the convergence we use as our next guess

o) = oyl + TP - @] (B
and determine the coefficients p; by minimization of
SIG0) + LpIGO - GOR B
where
Gi(i) = w,) — w3) (B-9)

In other words, the optimum p; is given by the solution
of the set of linear equations

;Pr{Z[Gr(i) - GLOIGE) - GLON +
2GLOIG0) - GL®)] = 0 (B-10)

and these are used in eq B-7.
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Theory of Interfacial Tension in Ternary Homopolymer—Solvent

Systems
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ABSTRACT: A recent theory of inhomogeneous multicomponent polymer systems is used to calculate the
interfacial tension and width in ternary homopolymer-homopolymer—solvent mixtures. We consider symmetric
systems where the polymer—solvent interaction parameters are equal (xas = Xps), as well as asymmetric systems
(xas # xBs). A number of phase diagrams are presented, corresponding to different degrees of miscibility
of the components and different values of the molecular weights of the homopolymers. The maxima in the
interfacial tension curves as a function of solvent concentration are generally found to be shifted to lower
concentrations than the minima in the interfacial width curves. Scaling relations are derived which explain
this shift, as well as the dependence of the interfacial tension on molecular weight for symmetric systems.
Calculations of the interfacial tension are given for styrene—polystyrene—polybutadiene mixtures.

1. Introduction

The study of polymer compatibility and incompatibility
remains an active and important area of applied and
fundamental research.l’? The development of new tech-
niques of measuring the interfacial tension in multicom-
ponent systems gives a direct quantitative measure of the
microscopic compatibility of such systems.® In this paper
we develop the theory of the interfacial tension in ternary
homopolymer—solvent mixtures, which complements the
traditional thermodynamic calculations of phase diagram
binodal curves.*?

We extend our earlier work on unsymmetrical poly-
mer—polymer interfaces (assuming infinite molecular
weight) in the presence of solvent® to deal with ternary
homopolymer—solvent systems in general. We make use
of a new formulation of inhomogeneous multicomponent
systems developed recently and discussed in detail else-
where.” Briefly, in our theory we optimize the general free
energy functional of the homopolymer-solvent system
using the saddle function method, subject to the constraint
of no volume change locally upon mixing, and obtain new
equations for the mean fields acting on the polymers.
These equations are given (without derivation) in section
2 and are expressed in terms of the chemical potential
corresponding to a locally homogeneous Flory-Huggins
free energy density. The equations are solved numerically
by a self-consistent procedure described elsewhere,” and
phase diagrams are presented for symmetric systems,
where the polymer-solvent interaction parameters are
equal (xag = xgs), as well as for asymmetric systems (x,g
# xpg). Plots of the interfacial tension and width are given
for varying amounts of solvent in the system. All of our
present calculations are restricted to monodisperse sys-
tems.

0024-9297/81/2214-0736$01.25/0

In order to obtain a better undstanding of the trends
observed in the results of the numerical work we develop
a number of scaling relations,® which are checked against
the exact numerical calculations. Although all of our phase
diagrams have been studied earlier experimentally® 2 and
theoretically,%%!%14 the corresponding plots of the inter-
facial tension and width (as well as the interfacial profiles)
are presented here for the first time. Finally, we calculate
the interfacial tension for a polymerization path in the
styrene—polystyrene-polybutadiene system and find good
agreement with recent measurements by Reiss and co-
workers.?

2. Theory

A detailed account of the theory of inhomogeneous
multicomponent polymer systems has been presented in
an earlier publication.” Here we summarize the equations
required for the analysis of the ternary homopolymer—
homopolymer—solvent mixture. The reader who is inter-
ested in the derivation of these equations, as well as a
discussion of the theory, is referred to our earlier work.”

The mean-field equations for ¢, (x,t) (x = A, B), which
is proportional to the probability density that the end of
a molecule of type «x and degree of polymerization Z,t is
at x, are

1 9qaxt) 1 Pgalx.t)
ZA at N ox?
1 dgglxt) 1 dgext)
Zg at 6 ox2
where x is measured in terms of the Kuhn statistical length

b, which is assumed to be the same for the two polymers
in model calculations, and Z, is the degree of polymeri-

- walx)galx,t)

[+>]

(2-1)

- wp(x)gp(x,t)
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